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I am a retired academic physicist who believes it is my professional
obligation to explain moderately technical issues to those without
much background in science or math, especially in the presence of
ongoing misinformation. I have focused on presenting information
graphically whenever possible. First, this means a broad understanding

of what has already been measured,
and the scientific literature concerning
the site. This includes radiation mea-
surement technology, familiarity with
existing Department of Energy data
and the relative proportions of natural
and man-made radioisotopes in soil,
and the chemistry of Pu in Rocky Flats
soil. While the actual nuclear physics re-
quired is rudimentary, an awareness of
the theory helps in understanding phys-
ical ranges and the nature of biological
effects from alpha and beta particles and
gamma rays. It must also include how
such measurements are translated into
radiation dose, since (only) the dose de-
termines health outcomes and long-term
risk.

Why am I entitled to make credible statements about the health
impacts of residual soil plutonium around Rocky Flats? Why should
you believe them? Understanding the science well enough to explain
to the public requires some expertise in a variety of subdisciplines.
Rather than describe these in detail, this document simply displays
samples of my work since about 2016. Since my career (through 2017)
involved very different subject matter, I focus on credentials relevant
to radiation detection, health physics, and epidemiology.

All graphics or tables below are the result of my own measure-
ments, calculations, and analysis. They represent a tiny fraction of
what is available on my science-only website. Both this document and
others linked to are best viewed with a PDF viewer; most graphics are
not bitmaps.

Background

• B.A. with honors in physics, Princeton 1974; M.S., Ph.D physics,
Cornell 1981, 2-year postdoc, Ohio State University.

• Senior Scientist, Solar Energy Research Institute (now NREL),
Golden, CO 1982-1989 + 1 year visiting scientist.

https://rockyflatsneighbors.org
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• Colorado School of Mines 1989-2017; physics professor. Taught
mostly across graduate curriculum: mathematical physics, electro-
dynamics, two-semester quantum mechanics sequence, statistical
mechancs and thermodyamics, condensed matter physics, solid
state physics.

Research on the electronic structure
and vibrational properties of ternary
semiconductors, self-assembly of
molecules adsorbed on ZnO surfaces.

• Member, Health Physics Society and Central Rocky Mountain
Chapter.

Radiation measurement and gamma ray spectrometry expertise
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Figure 1: Modeling new detectors

• Member SAFECAST (non-governmental radiation measurement
and monitoring network). GPS-enabled data-logging bGeigie nano
Geiger-Müller detector for radiation surveys. I used this to survey
both original Refuge trails and new trails associated with the Rocky
Mountain Greenway. Excellent agreement with DOE pressurized
ionization chamber measurements.

• Gamma ray spectrometry: NaI:Tl 2” x 2” scintillator spectrometer,
GAGG scintillator with SiPM solid-state photon detection. Quanti-
tative soil analysis permitted with GADRAS-DRF (see below).

Export-controlled federally maintained
but publicly available software permits
(after jumping through access hoops)
extracting compositions from gamma
ray spectra.

Figure 2: Gamma ray whole-spectrum
fit showing contributions of natural
radioisotopes, 241Am (from Rocky Flats
241Pu) and 137Cs from fallout. Dirt sample
from Rocky Flats east entrance.

Parent radioisotope activty (decays/sec)

Parent radioisotope composition (numbers of nuclei)

Figure 3: Contributions to radioactivity
from dirt sample from east entrance,
Rocky Flats. The NaI detector is much
more sensitive than the RadiaCode 103G.

• Corrected published statements that bGeigie Nano calibration
began to fail at high measured dose rates. Showed how detector
‘dead time’ can be amended to include high counts rates.

• Modeling of new portable gamma ray spectrometers.

• GADRAS-DRF 19.4.0: Detailed modeling of new class of gamma-
ray spectrometers to determine composition (relative number of
nuclei of particular isotope) and activity (in Bq or Ci) they con-
tribute to sample. Used successfully on data from two different

v 1.0.1
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Muons are produced in the upper atmosphere as “secondary cosmic radiation”.  They have a 
 half-life of 1.52 μs and only reach the surface due to the relativistic effect of time dilation. 
 In summer the atmosphere expands thermally, muons are created at higher altitude, and 
 a larger fraction of low-energy muons decays before being measured.

This and other maps

Figure 4: Trails and measured radiation
levels within Refuge using GPS-enabled
data-logging Geiger-Müller detector
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RADON_SHORT_TERM_AVG pCi/L

5 day background count

4 day residue count

28.14 grams of water-soluble
residue from water still, 
Arvada tap water

7.19 counts/sec 7.03 counts/sec

background subtracted.
logarithmic scale

NO EVIDENCE OF RADIOACTIVITY 
IN ARVADA WATER

Figure 5: Measured gamma ray spectrum
of mineral residue in Arvada water

scintillator-based gamma ray spectrometers on soil from Rocky
Flats east entrance.

Measurements relevant to recreational
users of the Refuge, together with
explanations of seasonal variations of
background radiation (left). Gamma ray
spectra of the residue from a water still
confirm no evidence of radionuclides
in Arvada water and slight background
variations due to household radon
(right).

Software expertise relevant to radiation dosimetry and epidemiology
A great deal of publicly available and
well maintained software is available
from federal agencies. I have made a
point of using only such tools so that
others can reproduce my results.

• GIS: ESRI account and tools, QGIS software to analyze, make maps
from DOE, CDPHE, Jefferson Parkway, Fish&Wildlife data.

Version 1.0

SOIL: The soil over all of Rocky Flats has been extensively measured for radioisotopes since the middle 
1990s and later measurements, for example from 2019, confirm this data.  The DOE map above (made 
from ‘kriging’ data from Dr. Iggy Litaor measurements in the early 1990s), was made before the Super-
fund cleanup, completed 2005.  (Dots=sampling locations) The DOE monitors only the 'central operable 
unit' (COU, shaded below), but below we show up to date Pu soil levels for the Refuge+COU.  The units 
are picocuries per gram of soil (pCi/g); journal articles may use the international units, Bq/kg (becquerel/
kilogram), which is the number of decays per second per kg of soil of a particular radioisotope.  [1pCi/g = 
37 Bq/kg] These are levels of radioactivity, not radiation or radiation dose.  (They are roughly propor-
tional.  See the glossary.) 

Shown in the side-by-side figures above are natural 
radioisotope background (left above, from Legacy 
Management data pre- and post-Cleanup) and Pu 
239/240 levels (right); dots are sampling locations.  
The nominal Superfund cleanup target in the COU was 
50 pCi/g; as can be seen in the figure at left (panel b), 
about 80% of plutonium samples (including 2019 mea-
surements for the Jefferson Parkway, by the Fish and 
Wildlife Service for Rocky Mountain Greenway trails, 
and by Dr. Michael Ketterer) are below 1 pCi/g, 50 
times lower than the target.  Pu levels are comparable 
to those of 137Cs, a fallout isotope. 

The most recent published  scientific journal articles 1

(2002) report that levels of soil Pu are declining con-
siderably over time (they do not provide an explana-
tion). The depth dependence and approximate mea-
sured and extrapolated time dependence are shown in 
the figure a the top of the next page.The cleanup 
scrape depths were determined by data like that shown 
in the upper panel and the lower levels of Pu within the 

Health Physics is the archival U.S. scientific journal for the field of health physics, which concerns 1

specifically ionizing (nuclear) radiation and health.  This is where many Rocky Flats related articles were 
published, and several occur in the bibliography at the end.

2

Background radioactivity (left) and Pu radioactivity (right), both in pCI/g
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Figure 6: Gross alpha+beta soil activity (= terrestrial background), left; Pu on logarith-
mic scale, right. Sampling locations: red dots (left), pink dots, right.

The right panel shows all data points
from Pu sampling, from pre- and post-
cleanup DOE data, through Jefferson
Parkway sampling, Ketterer sampling,
and Fish&Wildlife sampling. Agree-
ment is quite good between different
measurement campaigns. Note 239Pu
activity is 100-1000 times smaller than
background soil activity (left panel) over
most of Refuge.

• InterSpec: gamma ray spectrometry and dosimetry package, per-
mits identification of unfamiliar radionuclides.

Figure 7: Well known 1996 map re-
drawn with Google Maps.
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Fate and transport of plutonium 
239+240 and americium 241 in 
the soil of Rocky Flats, Colorado
M. Iggy Litaor, G. R. Barth, and E. M. Zika,
J. Environ. Qual. 25, 671-683 (1996)

Figure 8: It is crucial to make old data
available: pre cleanup pit samples to
determine Pu profile with depth.

• RESRAD Onsite: from soil concentrations of radionuclides and
input amounts of yearly soil inhalation and ingestion, predict de-
tailed doses per year over decades or centuries. Uses International
Committee on Radiological Protection [ICRP] dose coefficients.
This package is very widely used to assure compliance with radia-
tion exposure standards on mitigated sites, including Rocky Flats.

• SEERStat: follow cancer statistics nationally in order to carefully
distinguish between incidence and prevalence of diseases.

v 1.0.1
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Figure 9: Using NIST ‘soil standards’ for Rocky Flats soil and radioactive equilibrium,
yearly doses and total excess risk of cancer as calculated using RESRAD without trans-
port, rain, erosion. Red squares on left show agreement with direct calculation using
ICRP dose coefficients for low-solubility Pu and Am. Note logarithmic scales. Using
overestimate of soil Pu, excess risk attributable to Pu and Am is roughly 320 times
smaller than from natural gamma rays.

• Member SAFECAST (non-governmental radiation measurement
and monitoring network). GPS-enabled data-logging bGeigie nano
Geiger-Müller detector for radiation surveys. I used this to survey
both original Refuge trails and new trails associated with the Rocky
Mountain Greenway. Excellent agreement with DOE pressurized
ionization chamber measurements.

Risks from Rocky Flats plutonium are
calculated to be hundreds of times
smaller than those from natural ra-
dioisotopes. RESRAD inputs are taken
from international recommended dose
and risk coefficients, updated every few
years.

• Gamma ray spectrometry: NaI:Tl 2” x 2” scintillator spectrometer,
GAGG scintillator with SiPM solid-state photon detection. Quanti-
tative soil analysis permitted with GADRAS-DRF (see below).

Rocky Flats related expertise

• My physics background provides more than sufficient nuclear
physics expertise to understand all relevant datasets, dosimetry of
radionuclides, ICRP publications, nuclear tables, RESRAD.

• Since about 2016 I have closely followed Rocky Flats publications
from peer-reviewed scientific literature, DOE and other govern-
ment publications in U.S. and abroad. To honor copyright restric-
tions, I have occasionally re-plotted relevant data when needed for
use in white papers below.

• I analyzed and publicized NIST ’soil standard’ data relevant to
assessing relative contribution of Pu, Am to Rocky Flats soil ra-
dioactivity. These were the first definitive assessment of relative
contributions from Pu.
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Figure 10: Results for NIST ‘soil stan-
dards’ (used for calibrations by radia-
tion measurement labs internationally)
prepared from 1978 samples of Rocky
Flats soil at two locations. These have
been augmented by ‘decay daugh-
ters’ not measured by NIST, assuming
secular equilibrium.

• Older published data (augmented with my own Refuge measure-
ments) place Rocky Flats background radiation in geographical

v 1.0.1
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context (and in agreement with several other measurements).
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Figure 11: Measured Front Range city
data resolved into contributions from
soil radioactivity and cosmic rays. Note
Rocky Flats data lies between Eldorado
Springs and Denver values.

• At present there are 3414 published documents with Rocky Flats in
the name or abstract, in a fully-indexed library of PDF files main-
tained via Mendeley. Many more on radiation epidemiology, cancer
statistics, ionizing radiation biomarkers, ICRP publications, and
federal and state documents.

• I have analyzed in detail and mapped recent measurements by the
Fish&Wildlife Service and by the Jefferson Parkway Public High-
way Authority. By contrast, measurements by Dr. Michael Ketterer
done for the Rocky Mountain Peace and Justice Center have only
been informally ‘published’ as posters and affidavits, never as
peer-reviewed articles, presumably since the Peace&Justice Center
retains intellectual property rights.

Figure 12: Mendeley permits instant
access to details of thousands of im-
ported and indexed documents related
to Rocky Flats, radiation epidemiology,
and other technical documents.

• Anti-nuclear groups neither discuss nor acknowledge radiation
dose. So I have prepared careful analyses of all of Dr. Ketterer’s
data on ‘hot particles’ measured on the eastern boundary of the
Refuge, and on airborne plutonium in dust measurements made
on an extremely windy day in April 2024. In all cases careful dose
estimates are made and Ketterer’s data is presented in clean tabular
form. These are authoritative statements of his measurements with
all analysis shown and complete literature citations.

ketterer air filtration measurements, april 2024 3

Ketterer air samples 4/2024

Figure 2: 6 Ketterer data points
(right edge) displayed with
historical plutonium air concen-
tration data. Original figure [1]
here, Figure 16.

2 Health impacts

source dose advice dose (12 h) dose (1 y)
PuO2 DOE 1.55→10↑3 0.0793

(outdoor) radon DOE granular 1.67 1,220
background direct measurement 1.68 1,230

Table 2: 12-hour and 1-year
radiation effective doses in
µSv from inhalation of PuO2

[Ketterer data] or (outdoor)
radon, and background radi-
ation (gamma rays from soil
radionuclides + cosmic rays).

It is important to calculate doses not only for plutonium but also
for radon, a ubiquitous outdoor natural alpha emitter which pro-
vides a benchmark against which to compare. Details are given in the
Appendix, where distinct methods for computing dose are consid-
ered. Table ?? above summarizes the most robust dose estimates for
PuO2 and radon; background was directly measured (0.140 µSv/h,
spring 2019). The 12-hour data is relevant while the Pu measure-

Ketterer selected a very windy day with
“particularly strong steady winds and
violent gusts occurring at Rocky Flats
on the afternoon of that date.” [April
6, 2024]. It is estimated [2] that dust
resuspension begins at wind speeds
of 5-7 meters/sec (14 or 15 mph), with
maximum dust emissions at about 27
mph. Section 5 (Air Monitoring Pro-
gram) of a Rocky Flats Environmental
Test Site document [3] notes that “The
average wind speed is approximately
9.7 mph. . . Wind speeds greater than
20 mph occur between 500 and 600
hours per year.” This amounts to 6-7%
of the time. Fort Collins, for example,
suspends earthmoving and demolition
work when wind speeds exceed 30 mph
to avoid dust. Thus conditions permit-
ting large soil resuspension are fairly
rare over Rocky Flats.

ments were being made, that is (i) on an extremely windy day, (ii)
physically close to where surface soil Pu contamination is fairly high.
On the other hand, the 1-year dose reflects the wind speed statistics
by (over)estimating that 7% of the year has very windy conditions.
Under ordinary circumstances it is quite likely that the Pu dose drops
almost to zero, since no soil suspension occurs below a threshold
wind speed of about 10 mph.

By chance, around Rocky Flats annual doses from background
radiation and from outdoor radon are comparable. The doses are for

v 1.1

Figure 13: Table comparing radiation
doses (mSv) from inhaled PuO2, out-
door radon, and background radiation
using Ketterer air filtration data of April
2024.

• Epidemiology: Anti-Refuge groups are generally uninformed about
epidemiology and radiation-induced illnesses.

Figure 14: Major revisions of what is a rare
cancer have occurred since about 2011.
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Figure 15: Downwinders appear to
confuse cancer prevalence with incidence.
Prevalence (living with cancer) is growing
simply because medical treatments are
very effective.
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32.1% of 2018 cancers in Denmark could be 
attributable to known class I carcinogen risk factors. 
This is the breakdown (summing to 100%) of these.

Figure 16: Findings of a 2018 Danish study
about the causes of cancer.
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Figure 17: For people living on eastern
boundary of the Refuge, estimated contri-
butions to total annual radiation dose.

Community involvement with Rocky Flats

radiation and dose overview around rocky flats 14

Human system-wide health impacts are elegantly encoded in
what are called dose coefficients, measured in units of effective radia-
tion dose per decay (to be precise: Sv/Bq) of a specific radioisotope.
These are tabulated for each radioisotope and for each mode of ex-
posure: external exposure (due to gamma ray emissions), ingestion,
and inhalation. Because each element has its own typical solubility
(a chemical property which all its radioisotopes inherit) in body fluids
such as are present in the digestive tract, urine, or inter-cellular fluid,
these are typically also tabulated.
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Figure 17: ICRP dose coefficients for
239PuO2 for inhalation (red curve) as
opposed to ingestion (purple curve),
in microSv per Bq. The larger values
for ages below about 20 reflect the
increased radiation sensitivity for
children as bodies grow. Curves are fits
of the form a + b e�ct to the tabulated
data.

As noted in a report on the human tissue analysis program at Los
Alamos in 1995 [9], “If the exposure was from inhalation, the lung
and associated lymph nodes would also retain deposited plutonium.
If the exposure was through ingestion, the consequences would be
reduced because the gastrointestinal tract allows only about one
plutonium atom out of ten thousand to pass through the intestinal
walls and enter the blood stream.” This observation is helpful in
understanding the much lower dose coefficient for the ingestion route
vs. the inhalation route, shown in Fig. 17 in the margin. If you are
exposed to ongoing exposure (say from background radiation), then
the dose rate is a more natural measure.

A comparison of U.S. federal and ICRP dose coefficients and life-
time cancer (morbidity, not mortality) risk coefficients is shown in Ta-
ble 2. These are for inhalation (nominally 1µ diameter particles) and
ingestion of the quite water-insoluble (class S) compound 239PuO2.
On the other hand, 241AmO2 is distinctly more water soluble (class
F). Dose coefficients are in µSv per Bq of activity; risk coefficients
are per Bq. To extract an equivalent DOE/EPA dose coefficient from
risk coefficients we use the ICRP recommended overall risk per Sv
of 0.055. One takeaway is that dose coefficients are revised fairly
frequently and agree among the ICRP and other regulatory bodies.

route source date ref dose coef risk coef

inhal Public Health Service 11/2010 Tox profile Pu [10] (16.4) 9.00 ⇥ 10�7

inhal ICRP 2012 ICRP Pub 119 [11] 16 8.80 ⇥ 10�7

inhal RESRAD 7.2 3/2018 DCFPAK3.02 [12] 16.0 8.96 ⇥ 10�7

inhal RESRAD 7.2 3/2018 DCFPAK3.02 [12] 96.4 9.58 ⇥ 10�7

ingest Public Health Service 11/2010 Tox profile Pu [10] (.136) 7.46 ⇥ 10�9

ingest ICRP 2012 ICRP Pub 119 [11] 0.25 1.38 ⇥ 10�8

ingest RESRAD 7.2 3/2018 DCFPAK3.02 [12] 0.251 4.71⇥10�9

ingest RESRAD 7.2 3/2018 DCFPAK3.02 [12] 0.204 3.61⇥10�9

Table 2: Dose coefficients (µSv/Bq)
and risk coefficients (in excess risk of
cancer (morbidity) per Bq); orange-red
numbers are for 241Am. When dose
coefficient is not specified it is found
from the risk coefficient using the ICRP
recommended risk of cancer morbidity
per dose of 0.055 per Sv.
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Figure 18: Rocky Flats workers have
contributed to knowledge about Pu
in the body and recommendations
from the International Commission on
Radiological Protection.

• Set up, maintain non-profit website Rocky Flats Neighbors to pro-
vide science based information about Rocky Flats and its surround-
ings. Web pages and blog may have opinions; documents do not.
Example: medical misinformation

• Presentation for Candelas residents,
• Presentation for Westminster City Council, July 15, 2024
• Detailed coverage of radon and impact of mitigation.
• Survey of local perception of Refuge safety via hyperlocal NextDoor.
• Surveys of nearby neighborhoods about trustworthy information

sources

Sample ‘white papers’ relevant to Rocky Flats

These are fully illustrated with clickable citations and relevant mathe-
matics, meant for readers with college-level math, physics, and chem-
istry. Topics covered and links (green links)

• How people think about radiation
• Radiation, biology, and health physics

v 1.0.1

https://rockyflatsneighbors.org
https://rockyflatsneighbors.org/medical-misinformation-from-anti-refuge-groups-claims-and-facts/
https://rockyflatsneighbors.org/wp-content/uploads/Optim40Mins4Candelas-1.pdf
https://rockyflatsneighbors.org/wp-content/uploads/SavageTrunc.pdf
https://rockyflatsneighbors.org/radiation-in-your-basement/
https://rockyflatsneighbors.org/wp-content/uploads/Ready4BlogOpt.pdf
https://rockyflatsneighbors.org/wp-content/uploads/SurveyResponses-TrustworthyInfoSources.pdf
https://rockyflatsneighbors.org/wp-content/uploads/Socio.pdf
https://rockyflatsneighbors.org/wp-content/uploads/RadBioOpt.pdf
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• Radiation doses: large, small, unavoidable
• Cancer epidemiology
• From radiation dose to cancer risk
• ’Recent’ developments in low-dose radiation [beyond LNT]
• Ongoing developments in radiation epidemiology

Non-technical documents

• Summary of NIST data
• Web page graphics of recent measurements
• Background radiation on Refuge trails (older)
• New Greenway trails and access points
• What’s in Refuge soil?
• Hot particles in Rocky Flats soil
• The Jefferson Parkway hot particle sample
• Jefferson Parkway sampling
• Information-dense 4-page flyer with data and rebuttals of anti-

Refuge statements; Summary

What physicists know about nuclear physics

Most Ph.D physicists, no matter what their research field, have signif-
icant familiarity with nuclear physics by way of training in quantum
mechanics. The following would probably be familiar to any such
physicist. (Most topics were covered in graduate classes I taught.)

• α decay (the WKB tunneling calculation which traces the immense
range of α-emitting radionuclide half-lives and the semi-empirical
mass formula results to explain the narrow range of α energies.

Figure 19: The range of half-lives of
alpha emitters from WKB calculation
(top) and narrow distribution of alpha
particle energies (lower panel).

• β decay, ‘phase space’ effects, Kurie plots, and the neutrino mass:
relevant to details of beta decay

• Internal conversion (electromagnetic process) relaxation of nucleus
with emission of atomic electron

• Complete analysis of steady state radon concentrations in a room
much wider than it is tall

• Elastic scattering of electrons from nuclei using Woods-Saxon po-
tential, compared with experiment

• The deuteron binding potential and its stability
• Mössbauer effect: recoilless emission of gamma rays by nuclei in a

solid
• The nuclear hyperfine interaction and the 21 cm line
• Calculations to disprove famous ‘discovery’ of cold fusion

v 1.0.1

https://rockyflatsneighbors.org/wp-content/uploads/LrgSmlBkgrndDoseOpt.pdf
https://rockyflatsneighbors.org/wp-content/uploads/CancerEpidemiologyOpt.pdf
https://rockyflatsneighbors.org/wp-content/uploads/Rad2RiskOpt.pdf
https://rockyflatsneighbors.org/wp-content/uploads/BeyondLNTOpt.pdf
https://rockyflatsneighbors.org/wp-content/uploads/RecentRadEpi-1.pdf
https://rockyflatsneighbors.org/wp-content/uploads/RevisedFullPageSoil-Feb22-copy.pdf
https://rockyflatsneighbors.org/recent-measurements-within-the-refuge/|
https://rockyflatsneighbors.org/wp-content/uploads/OptSoilAndMeasure.pdf
https://rockyflatsneighbors.org/wp-content/uploads/TrailsPlusScienceCmpress.pdf
https://rockyflatsneighbors.org/wp-content/uploads/Opt2PgFlyer.pdf
https://rockyflatsneighbors.org/wp-content/uploads/2Pages-KetHP-Opt.pdf
https://rockyflatsneighbors.org/wp-content/uploads/FinalKerfOpt.pdf
https://rockyflatsneighbors.org/wp-content/uploads/SummEnd2019.pdf
https://rockyflatsneighbors.org/wp-content/uploads/FlyerUncompr.pdf
https://rockyflatsneighbors.org/wp-content/uploads/FlyerUncompr.pdf
https://rockyflatsneighbors.org/wp-content/uploads/TextSummary.pdf
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Figure 20: Distribution of beta particle
energy given sharing with neutrino.
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Figure 21: Dependence of photoelectric
effect on γ energy and atomic number
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Figure 22: Energy of Compton-scattered
gamma rays by polar angle of scattering.
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239Pu
2.125

2.379

Impose effusion boundary 
condition: zero at criticality

Simple criticality: 
a R0 = π 

BC saves 69% [239Pu] 
or 57% [235U] of volume 
of fissile material

Figure 23: Criticality of spheres of fissile
materials from careful solutions of the
neutron diffusion equation.

Figure 24: Woods-Saxon nuclear potential
and computed elastic electron scattering
(first Born approximation) compared with
experimental data.
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Figure 1: Panel (a): Schematic potential (not to scale) experienced by a proton incident (with incident kinetic energy
Einc ) on another proton. Panel (b): flux of protons incident on barrier.

(d) Evaluate the tunneling probability in terms of constants of nature and the radii a and b.

(e) Assume that every proton which surmounts the barrier causes a fusion event. Calculate the number of events
per second (in terms of the temperature T , np, a, b and constants) via

events/sec = protons incident per sec× barrier transmission coefficient (6)

(f) Numbers: Suppose np " 1020 per cm3 and T = 300K. How many fusion events per second do we expect? What
if T is 15×106 K and np " 1025 per cm3 (reasonable stellar conditions)? What do you conclude?

3. Variational calculation: Hydrogen ground state energy for a massive photon
As we saw in class,

EGS ≤ 〈ψ|Ĥ|ψ〉
〈ψ|ψ〉 ; (7)

the fancy way to write this is

EGS = min
all ψ

〈ψ|Ĥ|ψ〉
〈ψ|ψ〉

for a given Hamiltonian Ĥ. The only condition on |ψ〉 is that it obey the boundary conditions imposed (usually
that the wave function be normalizable). This inequality provides a method still much used (even after the advent
of computers) to estimate—sometimes very accurately—the ground state energy of a system whose hamiltonian
was too difficult to solve analytically. If we happen to find the actual ground state wavefunction, the inequality
holds as an equality.

In a variational calculation we consider a wavefunction |ψt(λ)〉 (t= ‘trial’) which depends on ‘variational param-
eters’, say λ. The smarter we are about picking the mathematical form of this wavefunction (to most closely
resemble the real wavefunction) the better our estimate should be. The procedure is:

• Compute

Et(λ) = 〈ψt|Ĥ|ψt〉
〈ψt|ψt〉 ; (8)

• Find the value of λ which minimizes Et(λ): the ‘best’ value of the variational parameter;

• Plug this back into Et(λ) to get the best (lowest) estimate of the ground state energy, consistent with the
wavefunction form we chose.

• Compute other quantities of interest given the best variational wavefunction.

Remarks:
(i) If our wavefunction differs from the correct wavefunction by terms of O(δ) the energy will differ from the cor-
rect energy by terms of O(δ2), i.e., the energy error can be very small despite having a not-so-great wavefunction.
We say ‘the energy is variational but the wavefunction is not’. In the electronic structure business this means
that you should use the quality of your wavefunction and not the total energy to assess the convergence of your
calculation. You generally will use the wavefunction to compute ancillary quantities such as matrix elements,
etc.
(ii) By constructing, e.g., a first excited state trial wavefunction which is explicitly orthogonal to the ground state
trial wavefunction, we could carry out a variational calculation for the first excited state. This gets more laborious

2

Figure 25: Flux of protons which can
tunnel through the Coulomb barrier of a
hydrogenic nucleus.
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