« emitters have a huge range of half-lives but all as
have about the same energy. Why?

The half-lives of alpha-particle emitting radionuclides range from

8 x 10717 seconds to trillions of years. However, the observed energies
of the emitted particles only range from about 3-10 MeV. Why? We
consider elementary nuclear physics to find the answers.

Half-lives

For a classical 1-dimensional system with energy E = % + V(x), to

lowest order in /i the wavefunction can be recast as . . . .
In keeping with the interpretation of

C irxo, , |]?, the probability to find the quantum
P(x) = Pwip(x) = ——==exp ﬁ/ dx' p(x') particle in arange x — x + dxis
p (x ) inversely proportional to its speed. The
slower the particle moves, the more

For tunneling, p?(x) < 0 and an exponentially growing solution is likely (classically) we are to find it in
forbidden, so p(x) = i\/2m [V (x) — E] and the probability to find the range dx. Evidently this prefactor

diverges where V(x) = E, the classical
‘turning points’.

V(r)

Cc’ [2m 7>
Py (rs) =~ W exp (—2 ?/R dr'\/V(r) — E) 100 2z

where the barrier is defined by the region R < r < r>, the classically

the particle to have tunneled through a barrier for a strictly radial
problem is

forbidden zone for energy E. . r<=R i
We now consider pre-existing alpha particles confined within N
the schematic nuclear potential shown in Fig. 1. Having tunneled _2(;' 1 2 3 4 5

through the barrier shown, the alpha particle experiences an ordinary Fioure 1- Schematic potential out of
1igure 1: schematic potential out o

Coulomb repulsion from the nucleus left behind [originally of charge which an alpha particle must tunnel to
Ze, now of charge (Z — 2)e]. Far from the nucleus this potential is zero be found infinitely far away.
and the energy E is strictly kinetic energy, which we will now denote

as Q, a measurable quantity. Alpha particles are known to exist [1]
within nuclei and often determine de-

Provided the range of r integration is much larger than the region X X ; }
tails of light nuclei. ‘Even-even’ nuclei

over which |p(r')| is near zero! we may entirely neglect C'/ |p(r)| and (consisting of an even number of pro-
the approximate transmission coefficient is tons and of neutrons) are especially
stable and may be regarded as actu-
ally composed of alpha particles. See
2(Z-2)m > 1 1 :
Tburr ~ exp _2 ( ) Mo / dri| = — — (1) Scholarpedia.
ao Mg JR rors ! Otherwise the full WKB “connection

formulae’ are required.
where we have used the alpha particle mass m, and the useful fact

that in cgs units e/ h? = 1/(my ag) with m,; the electron mass and
ap the Bohr radius. We have replaced the energy E = Q by the value The integral itself is

of the Coulomb potential at 7~ (see the diagram), 2(Z — 2)e? /7, VR { Jrtan-l VA1 - m}
yielding the simplest integrand. Sanity check: if the barrier shrinks to

. . . myx 1
zero spatial extent, this expression becomes 1, as one expects for the ~ VR (*2 Tt T ) @

for large x, where x = r~ /R. Other
forms may be found that are equivalent.


http://www.scholarpedia.org/article/Clusters_in_nuclei
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transmission coefficient through an arbitrarily thin barrier (that is, no
barrier). Thus, approximate as it is, Eq. 1 is expected to be semiquan-
titatively reliable provided the barrier thickness is much larger than
the range over which |p(7’)] is near zero. With the integral evaluated
[Eq. 2] we may replace r~ by 2(Z — 2)e?/Q.
The radial integral depends on the potential outside the nucleus,
hence not on the depth of the nuclear well. We can compare r~. with
the Bohr radius ap ~ 0.5292 x 10~ 8cm via
s (Z —2)e* Z544eV 4
a0 Qa0 5MeV % ®)
since ¢2/ay = 27.21 eV. We have used an estimate of 5 MeV for Q and
Z = 90. Using the approximate nuclear radius R ~ 1.2A'/3 fm (fermis
or femtometers) for atomic weight A we find, in cm
R ~ 62x10713[A = 240] 4) e
rs ~ 518 x10 [Z =90,Q =5MeV] (5)
Thus the estimated x ~ 8 suggests that x = r- /R is appreciably
larger than 1, suggesting that the first two terms in the series suffice
for semiquantitative agreement. A comparison in Fig. 2 shows that in
full integral
fact this is an excellent approximation for moderate to large x. )
In terms of constants we may now write oA
2 4 6 8 io R
1My e
Tparr =2 €X {27‘[(Z —2),/— X } (6)
o P M) v Qag Figure 2: The exact and large-x series
. L . expansion of the radial integral as it
provided x > 1, which in turn requires depends on x = 7~ /R.
(Z —2) > 0.3472 x Q[MeV] x R[fm] (7)

Each time an alpha particle tunnels through the barrier and es-
capes, the original nucleus has undergone alpha decay. Thus the tun-
neling rate (or decays per second per nucleus) determines the half-life
of the radioisotope. One commonly writes the tunneling rate r as

r= VTburr (8)

Using a kinetic energy of 5 MeV for
such an incident alpha particle and

R =~ 1243 for A = 100, v, =~ 4.9 x 10°
This is reasonably estimated as v = v, /R, where R is the nuclear cm/sec.

where v is the ‘attempt frequency’, the number of times (per second)
an alpha particle inside the nucleus encounters the potential barrier.

radius and v, is the average speed of an alpha particle within the
nucleus. From this, v =~ 8.8 x 10?! attempts/sec. We will see that the
barrier penetration factor Ty,,, can be prodigiously small.
The decay of a collection of identical radionuclides is exponential:
—17 In2  In2

N(t)=Noe "' =Ny2 2 whereT; = — =
2 r VTparr

©)
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where r is given in Eq. 8 and Nj is the initial number of nuceli. Thus,
finally
zZ-2
log, T% ~ag4+b—— (10)

vQ

In2 2 [m, [e?
-1 - == /=&, = 11
5 0810 7, b In10V myg; \ ag (1)

The form of Eq. 10 is known as the Geiger-Nuttall law. The parameter 2 depends weakly on Q
A fit to a large number of alpha emitters [panel (a) of Fig. 3 exhibits and A. Using a reasonable value and the
. . natural constants, we find
a great deal of scatter about the expected line, simply because none

where

zZ-2
of the ‘shell” structure of energy levels of nucleons in a nucleus was logyo Ty =~ —21.7+ 1215732 2)
included. When particular isotopes of a particular element are plotted, (12)
it is clear that the agreemnent with the derived form is very good, This is essentially a "first principles
estimate of half-lives agains alpha
with the slopes of the fit lines increasing with Z as expected. particle decay across the periodic table.

logy T (sec)

Energies of alpha particles
25 @)

The Geiger-Nuttall description correctly identified that tunnelling 20

through the Coulomb barrier is the source of trends in the half-life 15
of alpha particle emitters. However, remains unclear why there is a 10
5

relatively narrow range of alpha kinetice energies Q (roughly 3-10
MeV).
The rest energy of a proton is 938 MeV and for a neutron is 939

zZ-2
35 40 45 50 v/ QO[MeV]

MeV. These far exceed the excitations within a nucleus (less than tens -10
of MeV), so nucleons may reasonably be treated as non-relativistic. In 10°
the schematic diagram and in computations of the tunneling rate, E P Todo. Foaan 20257 3036, .
was regarded as a continuous variable. _ b (b) ‘ y

The strength of the strong force is such the Coulomb repulsion £ o _»
among protons in the nucleus is a small perturbation. Neglecting it = PSS e
entirely, nucleons experience the same potential. They are individu- 4w . s v e
ally spin-half fermions, but with neglect of the difference between : 0 o "
neutrons and protons, there is an additional ‘isotopic spin” (isospin) de- ¢
generacy. So the degeneracy of each state becomes (2 +1) x (25 + 1) 10 . . : . :

034 036 038 040 042 044 046

= 4. For most nuclei there are many nucleons, and they fill levels in the

. DECAY ENERGY 1/7Q, (MeV-*
nucleus from most tightly bound to most loosely bound, analogous to G

Figure 3: Measured alpha-emitter

electrons in an atom. As for all fermion systems, we have two choices: half-lives plotted according to the
Geiger-Nuttall form. Panel (b) is used
1. Solve for the energy eigenvalues for protons and neutrons in the with permission of the authors of the
potential and occupy levels (including degeneracy) until all nu- article cited. o R
c . . It is the isospin projection which distin-
cleons are accounted for. The lowest excitation energy is then the guishes the two, traceable to the quark
energy between the highest occupied state and the next available content of the particle-see Wikipedia.

empty (discrete energy) state. This is moderately complicated since
the Schrodinger equation must be solved [6, 7, 8] for many bound
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states: for the central potential V (r) the Schrodinger equation be-
comes
2 2
p:  BU(L+1)
— +————=+V(r)| u(r) = Eu(r 13
P B v | ulr) = Eutr) 13)
where u(r) = rip(r). More physical models for V (r) may be found
in introductory material on nuclear physics.
2. If the main effect of the potential is to confine particles to a region
of space (that is, the nucleon-nucleon interaction is negligible), we
have the choice of treating them as a gas of fermions confined to
a finite volume. Then the emission of alpha particles come from
the highest occupied states, at the ‘Fermi level” in the language
of fermion statistics. As usual, this proceeds from computing the This analysis will be familiar to those
density of available nucleon free-particle states, each of energy %, ;Vﬁ;hsi]z?kgmunds in condensed matter
where m is the average nucleon mass. .
These two viewpoints are presented simultaneously in Fig. 4. S N
The calculations below are taken from the excellent chapter [2] by .
R =
the University of Maryland. The book by Demtréder [3] (possibly B e EETTED " oMY
availablek free to academics) is beautifully illustrated and translated Tl | 33 Mev
by a non-native English speaker. e J
dp dnpdp Q . Figure 4 -
o o gure 4: [Unknown source] Schematic
AN =4 x h3 —+4x0Q h3 =4 ( 27-[)3 k“dk (14) energy structure for nucleons, showing
. . . . both the square well potentials (slightly
where p = Tk, using the free-particle energy and adopting spheri- deeper for neutrons since they expe-
cal polar coordinates in momentum p space. If we integrate over all rience no Coulomb effects) and Fermi

energies for neutrons and protons.

occupied values of p (by hypothesis, ranging from 0 to pr, the ‘Fermi
momentum’), we find N = A (=atomic weight) nucleons:

200 ;3 A 2 3
where p is the number density of nucleons. The kinetic energy of these

nucleons (T) is

40 | [k nk> 1k
T) = dkk? —— = —F 16
() = oy [/0 T (16)
3
= g Ef, (17)
272
where Ep = h2 r’:f , eliminating the prefactor using the expression for

N = A. Evidently the ‘Fermi energy’ is the energy of the highest
occupied nucleon free-particle state. Once again using the estimate
R = 1.2A'/3 in fermis (fm), the nuclear density and Fermi energies
are

kp =~ 1.433fm™! (18)
Er ~ 33.4MeV. (19)
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Given an average binding energy per nucleon of 7-8 MeV (see Fig. 5
and next section), if we choose to describe the nuclear binding poten- - 8o
tial as a square well, it must be roughly 33 MeV (the Fermi energy) g 3'2
plus 7-8 MeV (so that nucleons not spontaneously ‘spill out” of the § 7:0
well), for a total well depth of 40-41 MeV. It is common for Woods- 65
Saxon potentials to have depths of about 50 MeV. 6.0
0 20 40 60 80 100 120
z
Semi—empirical mass formula Figure 5: From Mathematica: tabulated

binding energy per nucleon
The semi-empirical mass formula[2] is a parametrization of the bind-
ing energy per nucleon informed by physical insight into distinct

energy contributions for a finite-sized cluster. It has the form Here
) +1 even-even
Z(Z - 1) (N— Z)z AE :Uupw‘ o= 0 even/odd, odd/even
2/3 ; ,
BE(Z, N) =y A— asurfA / —Acoul Al/3 —Aasym +AEpairr e VA ~1 odd-odd
(20) where, for example, odd-odd means
where A = Z + N for N neutrons in a nucleus. N and Z both odd and (with values in
Terms with negative signs de-stabilize the nucleus. Those familiar Me\s]);nbol Alue
. .. . . . . Y valu
with finite-size thermodynamics will understand the first two terms, - 15.85
with the second proportional to the number of ‘under-coordinated’ Asurf | 18.34
. . . Aconl 071
surface nucleons. The final two terms are peculiar to nuclei and ac- . 2301
asym .
knowledge, respectively, the preference for N = Z and for protons Apair 12
and neutrons to occur in pairs in the nucleus. The Coulomb self-energy of a uniformly

charged sphere of charge Q and radius

Ris % and R « Al/3. Here the
repulsive proton-proton energy reflects
getically favorable. The kinetic energy Q carried off by an emitted al- discrete charges.

pha particle is thus Q = [BE(Z —2,N —2) + BE(2,2)] — BE(Z,N) >0
The results for both the WKB half-lives and for alpha kinetic ener-
gies after emission are shown in Fig. 6
We have thus satisfactorily answered both of our initial questions.

The binding energy (per nucleon) of the products of an alpha decay
must be lower than the energy of ‘reactants’ for the decay to be ener-

Embellishments

¢ In contrast with the stationary description above, it’s interesting
to ask whether alpha particle tunneling can be treated by time-
dependent perturbation theory. In this picture at time t = 0 the
alpha particle wavefunction is localized within the nucleus and,
under the action of the perturbations present, tunnels through
the barrier. As usual, time evolution is via the time-dependent
Schrodinger equation ,

ih% = Hy(rt) (21)
= y(rt) = eFy(rt=0) 22)

Figure 6: Results of WKB calculatiion
for half-lives of alpha emitters, top
panel. Lower panel: Semiempirical
mass formula results for dependence of
emitted alpha kinetic energy Q on Z and
N.
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where in the coordinate representation

hZ

A=—
2my

V2 4+ V(r) (23)

In a basis of bound-state energy eigenstates, details of an imple-
mentation with a fairly realistic (Woods-Saxon) nuclear potential
(whose form is very reminiscent of the Fermi-Dirac occupation fac-
tor) are given in the article by Serot, Carjan, and Strottman [4] and
in Nanni [5].

Such TDSE numerical solutions show transient behavior before
the Gamow-type exponential decay and details within the nucleus
and around the barrier, but recover the WKB treatment above after
short transients.
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